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Establishing a particle distribution for multi-wavelength
emission from BL Lac objects
X.X. Xie1 • K.R. Zhu1 • S.J. Kang2 • Y.G. Zheng1
Abstract Electrons are accelerated at the shock wave
diffuse and advect outward, and subsequently drift
away into the emitting region of the jet that is located
in the downstream flow from the plane shock. The cur-
rent work considers the acceleration of the electrons in
the shock front. Assuming a proper boundary condition
at the interface between the shock and the downstream
zones, a novel particle distribution in the downstream
flow is proposed in this work to reproduce the broad-
band spectral energy distribution of BL Lac objects.
We find that (1) we can obtain the particle distribu-
tion downstream of the shock wave in four cases; (2)
electrons with higher energy (γ > γ0) dominate the
emission spectrum; (3) the distinctly important phys-
ical parameters assumed in our model can reasonably
reproduce the multi-wavelength spectrum of the high-
synchrotron-peaked BL Lac object Markarian 421 (Mrk
421).
Keywords acceleration of particles: radiation mecha-
nisms - non-thermal - BL Lacertae objects: individual:
(Mrk 421)
1 Introduction
BL Lac objects are Active Galactic Nuclei (AGNs)
characterized by a polarised and highly variable non-
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thermal continuum emission that extends from the ra-
dio to the TeV γ-ray bands. The multi-wavelength
spectral energy distributions (SEDs) of these objects
have two bumps shape. It is well known that the low-
energy peak occurs at frequencies ranging from the in-
frared to the X-ray band, and the high-energy peak oc-
curs at frequencies ranging from the MeV to TeV band
(Konigl 1981; Fossati et al. 1998; Costamante et al.
2001). Both the original lepton and the hadron models
are the currently accepted mechanisms for the emission
energy spectra of BL Lac objects (Marscher and Gear
1985; Bloom and Marscher 1996; Aleksic et al. 2012).
In the original lepton scenario, the low-energy peak
mainly comes from the synchrotron emission of ultra-
relativistic electrons in the jet with a small angle to
the observer’s line of sight, and the high-energy peak
comes from the inverse Compton scattering of ultra-
relativistic electrons (Mannheim 1993; Sikora et al.
1994; Atoyan and Dermer 2003). Due to the differ-
ent sources of the seed photons of the inverse Comp-
ton scattering, the lepton model can be divided into
the External Compton (EC) model and the Syn-
chrotron Self-Compton (SSC) model (Maraschi et al.
1992; Ghisellini and Madau 1996; Inoue and Takahara
1996; Finke et al. 2008; Kang et al. 2016; Zhu et al.
2016; Zheng et al. 2017). In the original hadron sce-
nario, it is considered that the high-energy emission
comes from the cascade or synchrotron emission pro-
cess of ultra-relativistic properties (Beall and Bednarek
1999; Petropoulou 2014). The method of simulat-
ing the SEDs is an excellent tool for studying jet
physics (Ghisellini and Tavecchio 2009; Finke 2016;
Chen 2017). It can be used to diagnose particle accel-
eration in blazars because the accelerated non-thermal
particles in the jet can detect broad-band continuous
emissions (Celotti and Ghisellini 2008; Ghisellini et al.
2010; Dermer et al. 2014). In this context, the poten-
tial particle distributions can be estimated from the
2observed multi-wavelength SEDs, and the particle ac-
celeration mechanism can be constrained by the shape
of those particle distributions (Balokovic´ et al. 2016).
However, inversion of jet properties from the SEDs of
blazars is a very tricky problem, due to observation
limitations, we cannot directly obtain the picture of
blazars.
The observed SEDs of blazars can be reproduced
through a model that assumes a non-thermal relativis-
tic electron energy distribution (EED). There are sev-
eral kinds of steady-state electron distribution, includ-
ing a simple power law, broken power law (Albert et al.
2007; Zheng and Kang 2013), double broken power
law (Abdo et al. 2011), logparabolic, power law with
an exponential high-energy cutoff, and power law at
low energies with a log-parabolic high-energy branch
(Katarzyn´ski et al. 2006; Tramacere et al. 2009).
Many specific models were proposed to study jet
emissions. The numerous previous modelling efforts
for steady-state SEDs, used to describe blazars, as-
sumed that some unspecified mechanism produced a
particle distribution and then injected it into the emis-
sion region (Zheng et al. 2019). The required distri-
bution of emitted particles was established by a vari-
ety of mechanisms, including first-order and second-
order Fermi accelerations. The first-order accelera-
tion was due to multiple shock waves crossing (Wentzel
1964; Blandford and Ostriker 1978), where particle ac-
celeration was accompanied by the acquisition of large
amounts of energy, resulting in high-energy power-
law emission. The second-order Fermi acceleration
(Tverskoˇi 1968; Kulsrud and Ferrari 1971) was due to
the interaction of magnetohydrodynamic (MHD) waves
with random magnetic fields. It was used to describe
the random process of particle energy diffusion and is
an efficient acceleration mechanism. Besides, it also in-
cluded the electrostatic acceleration due to magnetic
reconnection.
Relativistic electrons are generally assumed to be
injected into a shock front that passes through the
emission region, starting close to the central object
(Kirk et al. 1998). Then the energy spectrum forms
a double power law distribution due to rapid radia-
tion cooling and escape. In the case of shock accel-
eration (Dermer et al. 1996; Dung and Petrosian 1994;
Xu et al. 2019), the multi-wavelength spectral energy
distribution is calculated by solving the electron trans-
port equations in consideration of escape, synchronous
acceleration and IC cooling (Balokovic´ et al. 2016).
Numerical (e.g., Tramacere et al. 2009; Zheng et al.
2018) and analytical (e.g., Stawarz and Petrosian 2008;
Tramacere et al. 2009; Finke and Becker 2014; Lewis et al.
2018) methods were used to solve the distribution of
particles under certain hypothetical conditions.
Based on previous research results, it is theoretically
possible to generate an SED by constructing particle
transport equations and obtaining their solutions for
blazars. In order to study the effect of particle distribu-
tion on the photon spectrum for blazars, we build on the
work of Zheng et al. (2019) and further investigate the
spectrum of particles. The plasma arriving the shock
wave downstream moves relative to the observer. In or-
der to gain insight into particle distribution and blazars,
the present paper establishes a new particle distribu-
tion in the downstream. We assume that there exists a
spherical blob in the jet, which is filled with extremely
relativistic electrons and is evenly distributed isotropi-
cally in the emission region. The main purpose of this
paper is to prove that the established particle distri-
bution can reproduce multi-wavelength spectra under
reasonable physical parameter assumptions.
The present paper is organized as follows. In Section
2, assuming a proper boundary condition at the inter-
face between the shock zone and the downstream zone,
we establish a particle distribution in the downstream
flow. In Section 3, we use the established electron spec-
tra to derive the calculation of the theoretical photon
spectrum in the frame of an SSC model. In Section
4, we apply the model to the quiescent-state emission
from BL Lac object Mrk 421; discussions are given in
Section 5. Throughout the paper, we assume the Hub-
ble constant H0=75 km s
−1 Mpc−1, the dimensionless
numbers for the energy density of matter ΩM=0.27,
the radiation energy density Ωr=0, and dimensionless
cosmological constant ΩΛ=0.73 in this paper.
2 Establishing a particle distribution
We consider that the jet travels along the cylinder at the
shock front, with a certain velocity ratio of upstream
and downstream. Electrons accelerate at the shock
front and then drift downstream. This situation can be
viewed as having two spatial regions: one in which the
particles are constantly accelerating around the shock
wave upstream, and the other in the downstream region
in which the particles release a large amount of energy
(Ball and Kirk 1992). In each region, the scattering is
assumed to maintain a nearly isotropic distribution of
particles (Kirk et al. 1998). We adopt an accelerated
steady state particle spectrum (Zheng et al. 2019) as
follows:
N0(γ, γ0) =
N˙0mec
4D0µ
{
( γγ0 )
α1 , γmin ≤ γ ≤ γ0,
( γγ0 )
α2 , γ0 < γ < γmax.
(1)
Where N˙0 is the rate of continuous injection of the par-
ticle, D0 is the momentum diffusion rate constant, γ0
3is the characteristic Lorentz factor for the electrons in-
jected into the shock upstream, and the injected parti-
cles have a mono-energetic distribution. γmin and γmax
are the minimum and maximum Lorentz factors respec-
tively. It is worth mentioning that α1 and α2 are elec-
tron spectral indices formed by the accelerated parti-
cles of the shock upstream. They are two roots that
can be obtained by calculating the power-law solution
of Green’s function using the characteristic polynomial
α2 − (2 + Aˆ)α − Cˆ = 0 (Zheng et al. 2019). We can
obtain the corresponding solution
α1 =
2 + Aˆ+
√
(2 + Aˆ)2 + 4Cˆ
2
, (2)
here, the index α1 applies at low energies (γ ≤ γ0), and
α2 =
2 + Aˆ−
√
(2 + Aˆ)2 + 4Cˆ
2
, (3)
the index α2 applies at high energies (γ > γ0). Aˆ and
Cˆ are dimensionless constants, previous efforts defined
Aˆ as the ratio between the first-order momentum gain
rate constant Aˆ0 and D0, and Cˆ as the ratio between
the shock regulated escape rate constant Cˆ0 and D0
(Kroon et al. 2016; Zheng et al. 2019), as we will ex-
plain in Section 4.
The particle spectrumN0(γ, γ0) is the power-law dis-
tribution formed by the injection and acceleration of
low-energy particles in the upstream of the shock, which
then drift downstream flow from the shock and lose en-
ergy. For power-law solutions, it is generally presumed
that the energy losses are unimportant in the vicinity
of the shock. It is believed that the efficiencies of cool-
ing and Bohm diffusive escape for the particles with
lower energy are less than these for the particles with
higher energy. Our model assumes that low-energy par-
ticles are injected in the upstream of the shock wave,
the injected characteristic Lorentz factor γ0 is much
smaller than the equilibrium Lorentz factor in the sys-
tem. Therefore, the evolution of particles in the up-
stream of the shock wave is dominated by the process
of gain the energy. In this scenario, we can neglect the
cooling process.
For the coefficient N˙0mec/4D0µ, we set several pa-
rameters in this complicated coefficient as free param-
eters. Eq (1) is written as
N0(γ, γ0) =
{
N1γ
α1 , γmin ≤ γ ≤ γ0,
N2γ
α2 , γ0 < γ < γmax.
(4)
Where N˙0mec/4D0µγ
α1
0 = N1, N˙0mec/4D0µγ
α2
0 = N2.
Suppose that appropriate boundary conditions exist at
the interface between the shock region and the down-
stream region, the accelerated particles N0(γ, γ0) sub-
sequently move from the shock front to the downstream
region and loses energy (Kirk et al. 1994). Lorentz fac-
tor γ can be used to evolve the particle distribution of
the injected particle spectrum near the shock through
the equation (Zheng et al. 2018)
∂N(γ, t)
∂t
=
∂
∂γ
(
dγ
dt
)N(γ, t)− N(γ, t)
tesc
+Q(γ). (5)
Where the term dγ/dt refers to synchrotron and in-
verse Compton cooling of the particles at time t,
which includes synchrotron loss and inverse Comp-
ton loss rate corrected by Klein-Nishina (KN) effects
(Moderski et al. 2005; Finke and Becker 2015). Parti-
cles are supposed to escape from emission region with
an energy independent rate of tesc
−1 (Kirk et al. 1998),
and the term Q(γ) describes the injection rate of par-
ticles into the accelerating zone by the surrounding
plasma. We set Q(γ) ∼ κN0(γ, γ0), and κ is the appro-
priate boundary condition at the shock interface, with
the unit s−1. Energy loss and escape can balance the
injection of particles, which can be achieved at steady-
state using the solution (Dermer and Menon 2009)
N(γ) =
1
c0γ2
∫ γ2
γ
dγ
′
Q(γ
′
)exp(−
∫ γ′
γ
dγ
′′
c0tescγ
′′
). (6)
Here, we define γc = 1/c0tesc with the constant c0,
where γc is the cooling electron break Lorentz factor
(Zheng et al. 2018). There are two regimes, fast cool-
ing and slow cooling for the distribution of particles
in the downstream flow (e.g., Finke 2013; Zheng et al.
2018). In this scenario, we define the electron energy
distribution by the γmin, γ0, γc and γmax, and discuss
from the following four cases:
When the γc satisfies the relationship γc < γmin,
the fast cooling regime of particles exists in the down-
stream region of the shock wave. Thus, we obtain the
three-segment electron energy distribution, which is il-
lustrated by the solid black line in Figure 1 (b). We
can approximate the electron energy distribution as
N (γ, γ0) ≈


κN1γ
(1+α1)
min
c0
γ−2 +
κN2γ
(1+α2)
0
c0
γ−2
γc ≤ γ ≤ γmin,
κN1
c0
γ(α1−1) +
κN2γ
(1+α2)
0
c0
γ−2
γmin < γ ≤ γ0,
κN2
c0
γ(α2−1) γ0 < γ ≪ γmax.
(7)
When the γc satisfies the relationship γmin ≤ γc <
γ0, both slow cooling and fast cooling regime exist in
the dissipative zone downstream of the shock wave. We
obtain the three-segment electron energy distribution
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Fig. 1 The electron energy distribution of the low energy
particle injection (top panel) and the electron energy dis-
tribution in four different cases. For Figure (b), the red
and the blue dashed line represent the particle distribu-
tion that γc < γ < γ0 and γc < γ < γmax, respectively.
For Figure (c), the red and the blue dashed line represent
γmin < γ < γ0 and γc < γ < γmax, respectively. For
Figure (d), the red and the blue dashed line represent the
three-segment spectrum of Eq (9), while for Figure (e), they
represent the two-segment spectrum of Eq (10).
in situations such as this, which is illustrated by the
solid black line in Figure 1 (c). We can approximate
the electron energy distribution as
N (γ, γ0) ≈


κN1tescγ
α1 γmin ≤ γ ≤ γc,
κN1
c0
γ(α1−1) +
κN2γ
(1+α2)
0
c0
γ−2
γc < γ ≤ γ0,
κN2
c0
γ(α2−1) γ0 < γ ≪ γmax.
(8)
When the γc satisfies the relationship γ0 ≤ γc <
γmax, the slow cooling regime of particles exists in the
downstream region of the shock wave, and we obtain
the three-segment spectrum in Figure 1 (d). We can
approximate the electron energy distribution as
N (γ, γ0) ≈


κN1tescγ
α1 γmin ≤ γ ≤ γ0,
κN2tescγ
α2 γ0 < γ ≤ γc,
κN2
c0
γ(α2−1) γc < γ ≪ γmax.
(9)
When the γc satisfies the relationship γc > γmax,
in the downstream of the shock wave, there are both
slow cooling regime and fast cooling regime. Then two-
segment electron spectrum can be obtained, which is
illustrated in Figure 1 (e). We can approximate the
electron energy distribution as
N (γ, γ0) ≈
{
κN1tescγ
α1 γmin ≤ γ ≤ γ0,
κN2tescγ
α2 γ0 < γ ≪ γmax. (10)
To simplify the calculation, we adoptK1 = κN1tesc and
K2 = κN2tesc to calculate the electron energy spectrum
in four cases, where K1 and K2 have a covariant rela-
tionship, K2 = K1 × γ0(α1−α2).
Low energy particles are injected upstream of the
shock wave and are accelerated to form a power-law
distribution. It can be seen that (a) in Figure 1 shows
the electron energy distribution of the low energy par-
ticle injection, extending from the minimum energy to
the maximum energy. We fix the values of γ0, γmin and
γmax, change the values of γc in four cases. In figure 1,
we assume γ0 = 1 × 103, γmin = 10, γmax = 1 × 106,
α1 = 2.1, α2 = −0.2. The basic physical parameters we
assume are as follows: the magnetic field B = 0.37 G,
the emission region size R = 1 × 1016 cm, the Doppler
factor δ = 30.
3 The theoretical photon spectrum
Without doubt, the SSC model has been widely used to
explain the emission energy spectrum of blazars, which
spans from the optical bands to the X-ray bands, and
even the high-energy γ-ray bands (Konigl 1981). The
one-zone SSC model postulates there exists a spherical
emission region with non-thermal relativistic electrons
5and a magnetic field. We postulate that the electron
distribution is isotropic. Once the electron distribution
in the co-moving frame is determined, we can calculate
the emission coefficient due to synchrotron emission,
jsyn(ν) =
√
3e3B
4πmec2
∫
N(γ, γ0)
× F (4πmecν
3eBγ2
)dγ erg cm−3 s−1 Hz−1 . (11)
Here, F (x) is the modified Bessel function. In the con-
ventional sense, synchrotron emission is rifely accom-
panied by self-absorption. The self-absorption of syn-
chrotron can be simply regarded as the absorption of
soft photons. We can obtain the self-absorption coeffi-
cient,
ksyn(ν) = −
√
3e3B
8pim2ec
2
∫
γ2F (4pimecν3eBγ2 )
× ∂∂γ
[
N(γ,γ0)
γ2
]
dγ cm−1 . (12)
The emission intensity of electron synchrotron emission
can be obtained by solving the emission transfer equa-
tion of spherically symmetric structure (Kataoka et al.
1999),
Isyn(ν) =
jsyn(ν)
ksyn(ν)
[
1− 2τ2 (1− τe−τ − e−τ )
]
erg cm−2 s−1 Hz−1 , (13)
where τ = 2Rk(ν). Assuming that the intensity of
the synchrotron is uniform throughout the emission re-
gion, the uniform emission intensity within the emis-
sion area is usually expressed as the emission intensity
at the center of the blob multiplied by 3/4 in order to
correct for the impact of the synchrotron emission in-
tensity decreasing with the increase of the blob radius
(Gould 1979; Kataoka et al. 1999). Hence, the soft pho-
ton number density of synchrotron radiation is,
n(ǫsyn) =
3
4
4π
hcǫsyn
jsyn(ν)
ksyn(ν)
[1− e−ksyn(ν)R] cm−3 , (14)
the differential photon generation rate of the inverse
Compton scattering is,
q(ǫic) =
∫
n(ǫsyn)dǫsyn ×
∫
N(γ, γ0)
×C(ǫic, γ, ǫsyn)dγ cm−3 s−1 . (15)
Where C(ǫic, γ, ǫsyn) is the Compton function factor
(Jones 1968). The emission coefficient of inverse Comp-
ton scattering is deduced from the photon production
rate,
jic(ν) =
h
4π
ǫicq(ǫic) erg cm
−3 s−1 Hz−1 . (16)
Here, ǫ is the photon energy being scattered, and it’s
equal to hν/mec
2 (Zheng et al. 2019). After that, by
restricting the range of differential photon generation
rates, we can calculate the intensity of synchronous self-
compton emission,
Iic(ν) = jic(ν)R erg cm
−2 s−1 Hz−1 . (17)
It is a truism that the source generated high-energy
photons may be absorbed by the extragalactic back-
ground light (EBL) due to the photon-photon pair gen-
eration process (Dwek and Krennrich 2005; Finke et al.
2015), hence we consider the absorption effect of EBL.
Using the Doppler beaming effect to modify the radia-
tion intensity, we obtain the emission flow in the labo-
ratory coordinate system,
Fobs(ν) =
πR2δ3(1 + z)
DL
2
[
Isyn(ν) + Iic(ν)
]
× e−τ(ν,z),
(18)
where DL is the luminosity distance, z is the cosmolog-
ical red shift. δ = [Γ(1− β cos θ)]−1 is the Doppler
factor, where Γ is the Lorentz factor, θ is the An-
gle between the velocity of the blob vector and the
line of sight. The interaction between electrons and
photons results in the absorption depth of the VHE
photons, which is represented here in terms of τ(ν, z)
(Dwek and Krennrich 2005; Kneiske et al. 2004).
4 Application to Mrk 421
Mrk 421 is the source of the BL Lac object with redshift
at z=0.031, and it has invisible emission or absorption
lines. It is the first BL Lac object detected by the En-
ergetic Gamma Ray Experiment Telescope (Lin et al.
1992) at energies greater than 100 MeV which is a typ-
ical high-synchrotron-peaked (HSP) source. Further-
more, its SED has been extensively studied and can be
represented by two peaked components with distinct
characteristics (Punch et al. 1992; Urry and Padovani
1995; Ulrich et al. 1997). In addition, the SED can be
well fitted by a one-zone SSC model (Cao and Wang
2013; Balokovic´ et al. 2016). The observations from the
radio band to the soft X-ray band indicate that this por-
tion of the SED is caused by the distribution of relativis-
tic electrons from the radiation during the synchrotron
process. The radiation we obtain from the gamma-ray
band is most likely due to the inverse Compton scatter
caused by the high energy electrons in the synchrotron
radiation, as evidenced by the simultaneous correlation
of the low energy and the high energy SED components
(Giebels et al. 2007; Aleksic´ et al. 2015). Although the
6multi-band energy spectrum of Mrk 421 has been exten-
sively researched for a long time, the nature of the jets,
the location of gamma-ray emission and the emission
mechanism are still not understood.
Since we have determined the electron spectrum un-
der the assumption of Eq (9), we use it to calculate
the SED in the homogeneous SSC model. We postu-
late that a spherical blob located downstream is filled
with uniform magnetic fields and ultra-relativistic elec-
trons. To simplify the operation, we first rewrite the
electron spectrum, the density normalization coefficient
K1 = κN1tesc is defined, and K2 = K1 × γ0(α1−α2).
Therefore, Eq (9) can be rewritten as follows.
When the γc satisfies the relationship γ0 ≤ γc <
γmax, the electron energy distribution can be written
as
N (γ, γ0) ≈


K1γ
α1 γmin ≤ γ ≤ γ0
K2γ
α2 γ0 < γ ≤ γc
K2γcγ
(α2−1) γc < γ ≪ γmax
. (19)
We presume that the relativistic electrons are in a sta-
ble state during the observation period. Using the de-
rived electron energy distribution in the downstream
flow from the plane shock, we can calculate the SED
within the framework of a homogeneous model on the
basis of the postulated model results. In order to inves-
tigate whether the SED can interpret multi-wavelength
spectra, we apply our model to BL Lac object Mrk 421.
Figure 2 shows our predicted energy spectrum dis-
tribution from the radio band to the TeV γ-ray band.
The dotted blue line represents γ ≤ γ0, the dashed blue
line represents γ > γ0, and the solid red line represents
the total spectrum of the superpositions. Meanwhile,
we also show the corresponding electron spectrum of
the SED fitting, in order that we can analyze it more
intuitively. We change the values of the model param-
eters γmin, γ0, γc, γmax, α1, α2, δ, B and R until we
get a reasonable qualitative fitting of multi-wavelength
spectral data. As can be seen from the figure: 1) For
the electron energy spectrum of γ0 < γ ≤ γc, the escape
process dominates the energy losses, resulting in a flat
energy spectrum. Above the cooling break energy γc,
the cooling process dominates the energy losses, leading
to steepening of the spectrum; 2) Under reasonable hy-
potheses of parameters, the model we utilized was able
to roughly reproduce the observed spectra; 3) the part
of γ > γ0 in the electron spectrum contributes more to
the radiation energy spectrum, while the part of γ ≤ γ0
contributes less to the radiation energy spectrum.
In the model, we can estimate the jet parameters
when provided with a broadband SED, the parameters
are shown in Table 1. γ0 as the injected Lorentz factor
of our assumption of low energy particles, its low value
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Fig. 2 The electron energy spectrum (top panel) and
the comparison of the predicted multi-wavelength spectrum
with the observed data of Mrk 421 (bottom panel). For the
electron energy spectrum, the dotted line shows the three-
segment spectrum, corresponding to Eq (19). For the figure
at the bottom, the dotted blue line represents γ ≤ γ0, the
dashed blue line represents γ > γ0, and the solid red line
represents the total spectrum of the superpositions. In this
figure, the data points come from Chen (2017) and refer-
ences therein. The parameters selected in the two pictures
are the same, as shown in Table 1.
7Table 1 The physical model parameters for Mrk 421
parameters double broken power law
Doppler factor δ = 30
Magnetic field B = 0.37 G
Emission region size R = 1× 1016 cm
Minimum electron Lorentz factor γmin = 1
Cooling break Lorentz factor γc = 1× 10
4
Injected electron Lorentz factor γ0 = 3.6× 10
2
Maximum electron Lorentz factor γmax = 1.12× 10
5
Index of the electron α1 = 2.72, α2 = −2.32
Reduced chi-square χ2 = 0.1409
from the obtained results is consistent with our hypoth-
esis. The reduced chi-square value obtained by the fit-
ting is approximate to 0, indicating that the fitting re-
sults of the model are reasonable. In this scenario, we
can obtain the magnetic field energy density through
the relationship UB = B
2/8π = 0.0054 erg cm−3
and to obtain the electron energy density by calcu-
lating Ue = mec
2
∫
N(γ)γdγ (Celotti and Fabian 1993;
Zheng et al. 2018), as well as the proton energy density
Up = mec
2
∫
N(γ)dγ. By this means, the value of the
jet power can also be calculated by
Pj = Pe + PB + Pp = πR
2cδ2(Ue + UB + Up) (20)
(Celotti and Ghisellini 2008; Ding et al. 2017). Thus,
we can calculate the jet power as 9.3 × 1043 erg s−1.
Such a value for the jet power is commonly found in
the jet of BL Lac object Mrk 421 (e.g., Ding et al. 2017;
Chen 2017). For other parameters, the Doppler factor
of our fits are consistent with the Doppler factor range
δ & 30, found for the SSC fit to the same souce Mrk 421
by Finke et al. (2008) which detected by HEGRA and
RXTE in March 2001. As is known to all, the AGN
emission radius of the blob is generally smaller than
other galaxies, approximately less than 0.1 pc. To some
extent, the model parameters determined are expected
to be rational.
Thanks to the particle spectrum Eq (1) contains
some crucial parameters of physical significance, we uti-
lize the obtained physical parameters to reverse them.
On the basis of some formulas given by Zheng et al.
(2019), we find that some other parameters can be de-
duced by using the model parameters, for instance, we
substitute the power law indices α1 and α2 into the
characteristic polynomials Eq (2) and Eq (3) to invert
the dimensionless parameters Aˆ and Cˆ. Therefore, we
can determine that Aˆ = −1.6 and Cˆ = 6.31. Due to
µ = 0.25[(2 + Aˆ)2 + 4Cˆ]1/2, we substitute the values of
Aˆ and Cˆ into µ, then obtain the result µ = 1.26. We
set K1 = χN1tesc, and the typical escape timescales
that we assume are as follows (Weidinger and Spanier
2010),
tesc =
1.5×R
c
, (21)
where c is the speed of light. We calculate that the
model parameter K1 = 5×10−9 cm−3, and we also can
get the relation for K1,
K1 = κtesc
N˙0mec
4D0µγ
α1
0
. (22)
Here, D0 is the momentum diffusion rate constant and
N˙0 is the continuous injection rate of particles. The
momentum diffusion rate constant is closely related to
the momentum diffusion coefficient and is one of the im-
portant parameters of the particle transport equation.
Considering both Eq (21) and Eq (22), the relationship
between D0 and N˙0 is as follows,
N˙0 = 1.65× 1010 p−1 s−1 cm−3
×
(
D0
s−1
)(
R
1016 cm
)−1(
κ
s−1
)−1
, (23)
due to Aˆ = A0/D0, Cˆ = C0/D0 (Kroon et al. 2016;
Zheng et al. 2019), we can obtain
A0 = −9.67× 10−11 s−1
×
(
R
1016 cm
)(
κ
s−1
)(
N˙0
p−1 s−1 cm−3
)
, (24)
where A0 is the first-order momentum gain rate con-
stant in the unit of s−1, we also can obtain C0,
C0 = 3.82× 10−10 s−1
×
(
R
1016 cm
)(
κ
s−1
)(
N˙0
p−1 s−1 cm−3
)
, (25)
where C0 is a shock regulated escape rate constant.
5 Discussion
Various mechanisms can be used to confirm the re-
quired distribution of emitted particles (Marscher 2014;
Summerlin and Baring 2012; Bell 1978), for instance,
the particles accelerated by the diffusion shock wave
can generate a new particle distribution. Our model
considers plane shock waves propagating along cylin-
drical jets. Low energy particles are injected upstream
of the shock wave and are accelerated to form a power-
law distribution, then they drift downstream and lose
energy. We obtain the particle distribution under four
different conditions according to the different value of
γc. The electron above the equilibrium energy produces
8a power-law distribution, so does the electron below
the equilibrium energy. Assuming appropriate model
parameters, we utilize the obtained power law distribu-
tion to calculate the spectrum energy distribution when
γ0 ≤ γc < γmax under the SSC framework and applied
it to the extreme BL Lac object Mrk 421, thus repro-
ducing the multi-wavelength SED. From the obtained
multi-wavelength spectrum energy distribution of Mrk
421, it can be seen that the components of the elec-
tron spectrum affect the photon spectrum. In the total
emission energy spectrum after the superposition, we
can see that the calculated result of γ > γ0 is similar
to that of the superposition spectrum. The portion of
the electron spectrum γ > γ0 contributes more to the
radiation energy spectrum. On the contrary, the elec-
tron spectrum γ ≤ γ0 contributes little to the energy of
the total spectrum. Actually, we take the value of the
break energy γc as free parameters. We find that for
γ ≤ γ0, assuming the value of γc close to γ0, then the
energy spectrum will contribute more to the emission
spectrum. Otherwise, we can ignore the first electron
spectrum. The feasible reason we speculate is due to
the magnitude of the energy.
As shown in Figure 2, the fitting of our model to
Mrk 421 is not very well in the radio band. Previous
works using one-zone SSC models have rarely been able
to interpret the radio band data perfectly, this is one
of the drawback of the model. The emission in the
radio band of the blazar is generally considered to be
outside the main emission region. On account of the
superposition of synchrotron spectra from a range of jet
locations where the optical depth approximately equal
to 1, and cannot be formed by the same component
as the low-frequency peak emission process because the
radio band must be self-absorbed (Lewis et al. 2018).
In general, the shock wave physics we investigated is
constrained by the minimum energy of the shock wave
accelerating particle, which is very model-dependent.
The maximum energy a particle can achieve in shock
acceleration is closely related to the life of the shock
wave. If the life of the shock wave is limited, then the
acceleration rate of the shock wave is an important fac-
tor. In the previous section we deduced the relation be-
tween the dimensionless momentum diffusion rate con-
stant and the continuous injection rate of particles N˙0.
From the process of deriving the photon spectrum, we
find that N˙0 has a great influence on the emission flux
density, and the increase of the continuous injection
rate will lead to the upward shift of the energy spec-
trum distribution. Becker et al. (2006) use the N˙0/D0
relation as the coefficient when deriving the steady state
green’s function. We note that the MHD acceleration
timescale must exceed the gyroscopic period of the ac-
celerating electron, this fact can be used to quantify the
momentum diffusion rate constant refer to Zheng et al.
(2019).
The particle injection mechanism is rarely known,
nonetheless, it is still possible to perform some calcula-
tions on the parameters related to the injection mech-
anism. According to some relations in the particle in-
jection equation, we can use the obtained parameters
to derive some parameters such as the momentum dif-
fusion rate of the particle and the continuous injection
rate of particles. Previous efforts assumed the continu-
ous injection rate of particles in the model (Zheng et al.
2019), and the value of the continuous injection rate is
approximately 1 × 1020 with the unit p−1 s−1 cm−3.
Similarly, the relation between the shock acceleration
rate constant and the momentum diffusion rate con-
stant can also be deduced. It can be perceived from the
relation we determine the value of N˙0 is approximately
1.65× 1010, mainly because we cannot obtain the value
of D0 at this time, so we ignore its magnitude. Consid-
ering first-order Fermi acceleration and magnetic field
energy acceleration, shock acceleration dominates the
process if the first-order momentum gain rate constant
A0 > 0 (Lewis et al. 2018). When we take into account
the adiabatic expansion energy loss, the adiabatic loss is
dominant, where A0 can be less than 0. This also leaves
us with the possibility to investigate more deeply the
relationship between the parameters in future work, on
account of the complexity of the parameters of Eq (1).
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